Lecture 9: The Structure of the Proton: Part |

Sept 22, 2016



The Proton is Not a Point-like Particle

e Quark model says p consists of 3 quarks
» Are they real?
e Gyromagnetic moment g, = 5.586 is far from the Dirac value
of 2 that holds for pointlike spin—% particles
» Pattern of baryon magnetic moments can be explained using
quark model with fraction charges, fitting for quark masses

e Size of nucleus consistent with nucleons of size ~ 0.8 fm

To study structure of the proton, will use scattering techniques
Similar idea to Rutherford’s initial discover of the nucleus



Scattering of Spinless Pointlike Particles

e Rutherford Scattering (spinless electron scattering from a static
point charge) in lab frame:

do a?
aQ 4FE?sin ( 1 9)

here E is energy of incident electron and @ is scattering angle in the
lab frame

e Mott Scattering: Taking into account statistics of identical spinless
particles
do a? cos (%0)
dQ ~ 4E%sin 1(10)



Scattering of Spin—% Pointlike Particles

e Elastic Scattering of a spin-1 electron from a pointlike spin-1
particle of mass M:

» Elastic scattering of electron from infinite mass target changes
angle but not energy
» For target of finite mass M, final electron energy is

E

=
1+ % sin® (%9)

and the four-momentum transfer is
2 s ool
q¢° = —4FEFE'sin 59

The elastic scattering cross section is:

do  a?cos? (36) E [1 q° ton? (10>]

dQ ~ 4E2sin” (%0) E




What Happens if the Target Particles Have Finite Size?

e Charge distribution p(r): [ p(r)d®r =1

e Scattering amplitude modified by a “Form Factor”
F(&) = [ @)

So that the cross section is modified by a factor of |F(q?)|?
e Note: As ¢> = 0, F(¢?) — 1

e We therefore can Taylor expand

F) = [ (1477 5@ ) o



e The first ¢+ 7 term vanishes when we integrate

F(®) = 1- %/r%lrd cos 0d¢ p(r)(gr)? cos® 0
2
= 1- " [ drdcosé ¢*r*cos’ 0
<r’>
= 1- 1 q2/cos29d0050
_ 1_<1"2>2 cos® 07"
N 4 3 ],
<rt>
= 1-
6 q

e For elastic scattering, can relate ¢ to the outgoing angle
2psin (0/2)
[1+ (2B/M,)sin® (6/2)] 2

where p and E are the momentum and energy of the incident electron in
the lab frame
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Frg. 5. Curve (a) shows the theoretical Mott curve for a spinless
point proton, Curve (b) shows the theoretical curve for a point
proton with the Dirac magnetic moment, curve {c) the theoretical
curve for a Emm proton having the anomalous contribution in
addition to the Dirac value of magnetic moment. The theoretical
curves (b) and (c) are due to Rosenbluth® The experimental
curve falls between curves (b) and (c). This deviation from the
theoretical curves represents the effect of a form factor for the
proton and indicates structure within the proton, or alternatively,
a breakdown of the Coulomb law. The best fit indicates a size
of 0L70% 1073 em.

<r?>3=0.744024x 107 cm ~ 0.7 fm



Elastic Scattering: More on Angular Distributions (1)

e For elastic scattering, the angle uniquely determines the energy of
the outgoing electron
» So angle is the only independent variable

e Can write down the most general form of the matrix element

M = Q(ZTTQJEZ€CtT0n <q)J/J proton(q)

> Electron is a Dirac particle, so we know J5'““/""(q) = ey,
» For proton, write down the most general form allowed by Lorentz
invariance and parity conservation

v
q ok

Jﬁrotonza(pf) F1(q2)%¢+i i FQ(QQ) ¥(pi)

where p; and py are the initial and final proton four-momenta,
q = ki — ky = py — p; is the four-momentum transfer and & is the
anomalous magnetic moment of the proton



Elastic Scattering: Angular Distributions (I1)

e Using the above, can calculate the cross section:

do  o”cos® (30) E' K2Q% Q? s o1
dQ ~ 4E?sin’(10) E KFI AM? FQ) +gpp (F1 + rba) tan (59)}

® & is the anomolous magnetic moment
e From slide 4, for pointlike spin-1/2 particles:

do = 70[2(;082 (%) £ 1-— ¢ tan? 19
dQ  AE?sin' (360) E 2M? 2

e Understanding these two form factors tells us about the structure of
the proton

We'll come back to this in a few minutes



Need High Energy Lepton Probe

Stanford Linear Collider (SLAC)
e Two mile linear accelerator (e™)

Initial phase: energy = 20 GeV
(Later, upgrade to 50 GeV)

“End Station A" hall for fixed
target experiments

Study high momentum transfer

» Need four-momentum transfer
large enough to probe
structure

» Proton breaks apart

» Deep Inelastic Scattering

(DIS)




The SLAC-MIT DIS Experiment (1968)
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Deep Inelastic Scattering

k

P M W

® 1V is the invariant mass of the
hadronic system

® In lab frame: P = (M,0)

® Inanyframe, k=% +q, W=p+gq

® |nvariants of the problem:

Q® = —¢=-(k-FK)?
= 2EE'(1—cos0) [in lab]
P.q = P-(k—k)

= M(E—E’) [in lab]

® Define v = E — E’ (in lab frame)

so P-q=mv and

w2 =

(P +q)?
(P-Q)?
M?4+2P. . q—Q?
M? +2Mv — Q?

where Q2 = —¢2

® Elastic scattering corresponds to

W2:P2:

M2

> Q2 = 2Muv elastic scattering

® \We can define 2 indep dimensionless

parameters
r = Q*2Mv; (0<z<1)
P
y = ot =1-E/E (0<y<1)

P.

k



The Most General Form of the Interaction

® Express cross section
_Te nv
do =L, W

where W describes the proton current (allowing substructure)

® Most general Lorentz invarient form of W*
» Constructed from g"¥, p* and g
» Symmetric under interchange of x and v (otherwise vanishes when
contracted with L,,,)
Wa Wy W
2Pt e et g e )

WHY — W+ g"”
19" + 2 ;
® V5 reserved for parity violating term

® Not all 4 terms are independent. Using 0, J" = 0 can show
ws = 2wy
q
p-

q M?
Wy = —5Wot W
q q

oV 1 . .
W= Wi(=g" + qqq )+ Wa—s (o — 2l - q—qq”)



Structure Functions

e Using notation from previous page, we can express the x-section for
DIS

do a? cos?(30)

dQdE’ ~ 4E? sin?(19)

ISl N

[WQ(q2, W) + 2W1 (¢, W) tan2(;9)]

e These are the same two terms as for the elastic scattering
o W and W5 care called the structure functions

» Angular dependence here comes from expressing covariant
form on last page in lab frame variables

» Two structure functions that each depend on @2 and W

» Alternatively, can parameterize wrt dimensionless variables:

r = Q?/2Mv
P.q
= ——=1-F/FE
y 2 /



Studying the Proton at Large Momentum Transfer

H. W, Kendall
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Evidence for Hard Substructure

do a2 cos?(39)

1
= 2 Wy (g?, W) + 2Wi (g%, W) tan®(=6
dQdE ~ 4E? sin®(10) [ 2(0, W) +2Wa (g, W) tan™(50)

e How should we parameterize
this deviation from behaviour
predicted for pointlike proton?
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N 3 same ¢2 and v
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SLAC-MIT Results: Scaling

— — e One more change of variables:
oo oy )
“u"frtﬁ?gh '}i;ﬁ h { H Fl (x’ Q ) - MWl(l/’ Q )
2y 2
o fa, (AR TR ER] . Fz({,[]’Q ) = VWQ(U,Q )
® e ¢
S e Study Fy for various energies
£ and angles
et e When low Q? data excluded, F,
Leoe appears to depend only on
0s e dimensionless variable z and
04 1 not on Q?
S NLEPRT USRI % |
L ‘ i e This phenomenon is called
o w-a “scaling”
Q L 1 i i 1 1
o 2 4 6 8

a? (Gev/c)?



What does Scaling Tell Us? (1)

Supposed there are pointlike partons inside the nucleon

Work in an “infinite momentum” frame: ignore mass effects
Proton 4-momentum: P = (P,0,0, P)
Visualize stream of parallel partons each with 4-momentum z P where
0 < z < 1; neglect transverse motion of the partons
» 1z is the fraction of the proton’s momentum that the parton

carries
If electron elastically scatters from a parton

(P +q)* = m?
2 p2 2 _
z°P“+2zP-q+q° =

Since P2 = M?, if 22 M? << ¢* then

1R

22P.q = —¢*=@Q°
Q> q°
- 2P - q - 2Mv

This x is the same x we defined before!

Deep inelastic scattering can be described as elastic scattering of the

lepton with a parton with momentum x P



What does Scaling Tell Us? (II)

® Suppose the partons in the proton have a distribution of fractional
momentum f(z)

> f(x)dx = probability of finding a parton carrying a fraction of the

proton's momentum between x and z = dx

® \We can write the inelastic ep scattering cross section as an incoherent
sum of elastic scatters off the partons inside the proton

do®? 1 do®
dBdQ Z /0 @) TEan

where the sum over i is a sum over partons

® The cross section only depends on = = ¢*/2Mv because that is the
combination that picks out the momentum fraction carried by the parton



What Have We Learned?

Scaling of the Structure Functions is evidence for the presence
of pointlike partons with the proton!
Some comments:

e We are using an impulse approximation where the scattering
occurs before the partons have a chance to redistribute
themselves

e We implicitly assume that after the scattering, the partons
that participate in the scattering turn into hadrons with
probability=1

e This is a lowest order calculation. We will see later that to
higher order in perturbation theory, QCD corrections will
introduce slow scaling violations (Q? dependence).



Some Observations (1)

e Let f(z) be the prob of finding a parton with mom fraction between
x and x + dz in the proton.

e |f the partons together carry all the momentum of the proton
/dsc zf(x) = /dm mez(:v) =1

where ). is a sum over all partons in the proton

e We call f(x) the parton distribution function since it tells us the
momentum distribution of the parton within the proton

o This is the first example of a “sum rule”



Some Observations (I1)

® It's natural to associate the partons with quarks, but that's not the whole
story

® Because ep scattering occurs through the electromagnetic interaction, it
only occurs via scattering with charged partons.

® [f the proton also contains neutral partons, the EM scattering won't “see”
them

® |et's assume that the ep scattering occurs through the scattering of the e
off a quark or antiquark

» We saw that the SU(3) description of the proton consists of
2w and 1 d quark.

» However we can in addition have any number of ¢g pairs
without changing the proton’s quantum numbers

» The 3 quarks (uud) are called valence quarks. The additional
qq pairs are called sea or ocean quarks.



Another Sum Rule

® To get the right quark content for the proton:

/u(:c) —u(x)dx

I
)



Writing the DIS cross section in terms of PDFs

® The cross section is incoherent sum over elastic scattering with partons

® |f partons are quarks, they are Dirac particles and we can calculate
everything:

|Dirac

do _ 402 E'? cos? 2 B q2
dE'dQ Q2 2

0
sin? 5:| §(v + q2/2M;v)
® Taking incoherent sums:
do

1 0 0
mlDimxc = ;/0 dx f,(z)ef |:cos2 > + (;22/2M2:v2 sin? E} S(v + q2/2M;v)

® Using the property of delta functions

§(z — ')

lg'(z — o) |e=zq

6(g(z)) =

where g(x0) = 0, we can write

5(x — Q%/2Mv) oz

2
Q2 /2022 = ;5(1 —Q°/2Mv)

S(v—Q%/2Mz) =

® This gives us:

do 1 5 5 6 Q2 0] 5
_ = dx f;(x)e; |cos® — + ———sin” — | — §(xz — 2Mv
dE'dQ ;/o Fi@)e; [ 2 2M2z2 2|y Y@M



Continuing from last page

® The result we just obtained on the previous page was

do 1 5 5 0 Q2 , 0] = 5
_— = dz fi(z)e; |cos® — + ———sin® — | —6(z — Q°/2Mv
dE'dQ 21:/0 i(@es [ 2 2M222 2| v /2MY)
® Notice that we have one term proportional to cos? g and one proportional to sin? %
P This is the same form as our phenomenological form for the ep scattering:
do o? 1

0 0
2 .2

= — Wa(x)cos™(—) + 2W1(x) sin“(—
dB'dQ  4B? sin(2) [ 2(@) cos™(35) L(@)sin®(5)
»  Equating terms

Wa@) = 2 fi@)ei=

_ 2 @ g @
Wi(z) = ;fl(x)eiQMyyé(x )

4
= zl: fi(x) oM

® |t's usual to define

Fa(z) = vWa(z)  Fi(z) = MWi(z)

Then
e2
Fa@) =30 @ fil)e]  Fi(e) =%, fila)F
Fa(x) = 22 Fy (x)

This is called the Callen-Gross relation
® Note: If our partons had spin-0 rather than spin—%, we would have found F; =0



What does the data look like?

from Perkins
The partons act like spin-1/2 Dirac particles!



If partons are quarks, what do we

no substructure

. 3 free valence quarks

1x

‘ ? 3 bound quarks
Gluon 03 11X
B Valence quarks
5 Sea quarks
gluons

Max Klein, CTEQ School Rhodos 2006

o
=
=
w

=
=

Elastic scattering from proton has
r=1

If 3 quarks carry all the proton's
momentum each has x = 0.3
Interactions among quarks smears
f(@)

Radiation of gluons softens
distribution and adds ¢q pairs

» Describe the 3 original
quarks as “valence quarks”
> (Q pairs as sea or ocean

Some of proton’s momentum carried
by gluons and not quarks or
antiquarks



Using Isospin: Comparin and Neutron

® [gnore heavy quark content in the proton: consider only u, d, s
® \Write the proton Structure Function

F T 4 1 — 1
i = 5 P@e] = SO E) @) 4 L)+ T @) P+ )

® Similarly, for the neutron

F3' (x — 1

g = Zf (@)ef *(u (2) +a" () + *(d”(z) +d" () + 5(8”(27) +35"(2)
® But isospin invariance tells us that u?(z) = d™(z) and dP(z) = u™(x)

® \Write Fy for the neutron in terms of the proton pdf's (assuming same strange
content for the proton and neutron)

B _ (d”(T) +dP () + *(u"(T) + P (2)) + *(SP(T) +57(2))

® Assuming sea q and q distributions are the same:
u(z) = u(z) = uy(2), d(z) —d(z) =dy(z), s(z) —3(x) =0
® Taking the difference in Fs for protons and neutrons:
1 n 1
—[F(z) — F3' (2)] = ~[uwv(2) — dy ()]
T 3

which gives us a feel for the valence quark distribution



What the data tells us

01f--

P — R * b4

Fig. 9.8 The difference F{7 — #™ as a funetion of x, wy measured

in deep inelasue scattering. Data arc from the Stanford Licear
Accelerator,

From Halzen and Martin

e Looks the way we expect from the cartoon on page 27
o Next question: How to measure the partons’ charge
» To do this, must compare e and v scattering!



